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Logarithmic confidence intervals for the cross-product ratio of
binomial proportions under different sampling schemes

Chanakan Sungboonchooa, Su-Fen Yangb, Wararit Panichkitkosolkula, and Andrei
Volodinc

aDepartment of Mathematics and Statistics, Thammasat University, Phathum Thani, Thailand; bDepartment of
Statistics, National Chengchi University, Taipei City, Taiwan; cDepartment of Mathematics and Statistics,
University of Regina, Regina, Canada

ABSTRACT
We consider the problem of logarithmic interval estimation for a cross-
product ratio q ¼ p1ð1�p2Þ

p2ð1�p1Þ with data from two independent Bernoulli sam-
ples. Each sample may be obtained in the framework of direct or inverse
Binomial sampling schemes. Asymptotic logarithmic confidence intervals
are constructed under different types of sampling schemes, with parameter
estimators demonstrating exponentially decreasing bias. Our goal is to
investigate the cases when the relatively simple normal approximations for
estimators of the cross-product ratio are reliable for constructing logarith-
mic confidence intervals. We use the closeness of the confidence coeffi-
cient to the nominal confidence level as our main evaluation criterion, and
use the Monte-Carlo method to investigate the key probability characteris-
tics of intervals corresponding to all possible combinations of sampling
schemes. We present estimations of the coverage probability, expectation
and standard deviation of interval widths in tables. Also, we provide some
recommendations for applying each logarithmic interval obtained.
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1. Introduction

Comparing the success probabilities of Bernoulli trials is a problem that arises in biological and
medical investigations. In this article, we investigate the accuracy properties for confidence esti-
mation of the cross-product ratio of Binomial proportions under different sample schemes.

Ngamkham, Volodin, and Volodin (2016) and Ngamkham (2018) considered the problem of
confidence estimation for the ratio of Binomial proportions. The cross-product ratio statistic is
more frequently applied to real data, especially in medical and biological research, because the
statistic is important in analyzing 2� 2 contingency tables; see Lehmann (1997), Section 4.6.

For that reason, it is very interesting to investigate statistical inference for the cross-product ratio.
Goodman (1964) developed simple methods of obtaining confidence limits for the cross-product

ratio in a 2� 2 table, and extended these methods to obtain simultaneous confidence intervals for the
rðr � 1Þcðc� 1Þ=4 cross-product ratios in an r� c table and, likewise, for the relative differences
between the corresponding cross-product ratios in K different r� c tables. Goodman’s methods
improve on Gart’s (1962) method for 2� 2 tables, and can be applied to more general r� c tables.
Moreover, these methods are easier to apply than those given by Cornfield (1956).
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And�el (1973) suggested a method based on logarithmic interactions for comparing the associ-
ation in k fourfold tables (k independent samples).

Lee (1981) presented the empirical Bayes modification of the cross-product ratio for studying
the trend and degree of relationship between two cross-classified factors in a 2� 2 contingency
table. The Independent Poisson, Product Multinomial, and Multinomial are the three sampling
schemes used for determining the cell frequencies in contingency tables. These procedures were
studied and compared with the classical procedures; the results indicated that the empirical Bayes
estimation procedures had a lower average squared error than the classical procedures.

Albert and Gupta (1983) investigated the Bayesian approach to estimating cell probabilities for
2� 2 and I � 2 tables. For the 2� 2 table, the prior information was declared in terms of the
cross product ratio coefficient. For the I � 2 table, estimators were based on a two-stage prior for
the I binomial probabilities, where the first stage was the conjugate beta distribution and the
second the discrete uniform distribution.

Holland and Wang (1987) used the local dependence function that measures the margin-free
dependence to order bivariate distributions. Wang (1987) applied the characterization of a bivari-
ate normal distribution to generate a table of probability integrals via the iterative proportional
fitting algorithm.

McCann and Tebbs (2009) constructed the simultaneous logit-based confidence intervals for
odds ratios in the analysis of classification tables with a fixed reference level. They examined six
procedures to control the familywise error rate, and consider the simultaneous coverage probabil-
ity and mean interval width, which can be used to construct simultaneous confidence intervals.

Baxter and Marchant (2010) described how non-randomized trials can provide bias in the
effectiveness of any intrusion. Their study showed a process to estimate the bias in such trials
under the bivariate log-normal and gamma distributions, and the size of the bias under two dif-
ferent bivariate models.

Xu (2012) demonstrated that the odds ratio, or the cross-product ratio, is greater than or equal to
one under the generalized proportional hazards model. The author used this property to improve a pro-
cess of testing when the generalized proportional hazards model is not ideal to use for a data set.

Schaarschmidt, Gerhard, and Vogel (2017) proposed an asymptotic method for computing
simultaneous confidence intervals for user-defined sets of pairwise, between-treatment compari-
sons and user-defined sets of odds ratios based on the assumption of several independent multi-
nomial samples. They also give an improvement of this method by taking the correlation into
account, and considered an application of Dirichlet posteriors with a vague Dirichlet prior.

Niebuhr and Trabs (2019) examined the impact of weighted data for estimating a discrete
probability distribution for one-dimensional distributions. The weighting of observations usually
increase estimation variances. In the two-dimensional discrete distribution, this research assumes
that one marginal distribution is known. This additional information in one category of a contin-
gency table allows for adjusting the estimation of another marginal if there is some degree of
association between the two categories. For applications where the independence of the marginals
is not reasonable, the authors suggested adjusted estimators.

Mart�ın Andr�es, Tapia Garc�ıa, and Gay�a Moreno (2020) considered the two-tailed asymptotic
inferences about the odds ratio in cross-sectional studies (under the multinomial sampling). The
research investigated 15 different methods, 5 new and 10 classic. They compared the new meth-
ods with other procedures.

Nonparametric estimation procedures were considered in Lin and Yang (2008), Mahdizadeh
and Arghami (2012), and Amini and Mahdizadeh (2017).

In our recent article, Sungboonchoo et al. (2021), we constructed linear asymptotic confidence
intervals in accordance with different types of sampling schemes. Unfortunately, these linear
intervals possess quite low precision and poor accuracy properties. A common practice in statis-
tics is to take the log transformation of highly skewed data and construct confidence intervals for
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the population average on the basis of transformed data. In this article, we investigate logarithmic
confidence intervals that show much better precision and accuracy properties. To support our
theoretical findings, we apply the Monte-Carlo method to investigate the key probability charac-
teristics of the logarithmic confidence intervals. In the Monte-Carlo simulations, we used the
number of replications most commonly used in the literature N ¼ 105:

A mathematical statement of the problem is as follows. Let X1,X2, ::: and Y1,Y2, ::: be two
independent sequences of Bernoulli random variables with success probabilities p1 and p2,
respectively. The observations are done according to the sequential sampling schemes with
Markov stopping times �1 and �2. From the results of observations Xð�1Þ ¼ ðX1, :::,X�1Þ and
Yð�2Þ ¼ ðY1, :::,Y�2Þ, it is necessary to identify the most accurate method of interval estimating

the cross-product ratio q ¼ p1ð1�p2Þ
p2ð1�p1Þ : Each sample may be obtained in the framework of direct or

inverse binomial sampling schemes.
Direct binomial sampling. In this scheme, a random vector XðnÞ ¼ ðX1, :::,XnÞ with Bernoulli

components and a fixed number of observations n is observed. Note that T ¼Pn
i¼1 Xi has the

Binomial distribution B(n, p), which has two parameters n and p, where n is a natural number
and 0 < p < 1:

If the random variable T has a Binomial distribution, then its probability mass function is

PfT ¼ tg ¼ n
t

� �
ptð1� pÞn�t , t ¼ 0, 1, :::, n:

The random variable Xn ¼ T
n is asymptotically normal with a mean of lX ¼ p and variance

r2X ¼ pð1� pÞ=n:
Inverse binomial sampling. In this scheme, a Bernoulli sequence Yð�Þ ¼ ðY1, :::,Y�Þ is observed

with a stopping time of � ¼ minfn :
Pn

k¼1 Yk � mg, where m is a fixed number of successes.
From Ngamkham (2018) and Ngamkham, Volodin, and Volodins (2016), we know that � has the
Pascal distribution P(m, p), where parameter m is a natural number, and 0 < p < 1:

If the random variable � has a Pascal distribution, then its probability mass function is

Pf� ¼ kg ¼ k� 1
m� 1

� �
pmð1� pÞk�m, k ¼ m,mþ 1,mþ 2, :::

The random variable Ym ¼ �=m is asymptotically normal with a mean of lY ¼ 1=p and vari-

ance r2Y ¼ 1�p
mp2 :

In the following, we keep the notation X1,X2, ::: for a Bernoulli sequence obtained by the direct
sampling scheme and Y1,Y2, ::: for a Bernoulli sequence obtained by the inverse sampling scheme.

2. Estimation of proportion p and its reciprocal p21

First, we consider the problem of estimating parameter p (success probability) and parametric function
1
p for the Bernoulli trials. It seems difficult to estimate 1

q , where q ¼ 1� p, so we avoid this expression

in our further derivations by expressing it in terms of p
q and 1

p ; see Sec. 3. In this section, we discuss

how to estimate p and 1
p : The following formulae are derived in Ngamkham (2018) and Ngamkham,

Volodin, and Volodins (2016); we present them in Table 1.

In the case of direct binomial sampling, the estimate cp�1
n is biased. Ngamkham (2018) and

Ngamkham, Volodin, and Volodins (2016) proved that Biasðcp�1
nÞ ¼ 1

p � Ecp�1
n ¼ 1

p ð1� pÞnþ1 is

decreasing with an exponential rate as n ! 1: In all other cases, p̂n, p̂m, and cp�1
m provide

unbiased estimators.

COMMUNICATIONS IN STATISTICS - SIMULATION AND COMPUTATIONVR 3



3. Estimating the parametric functions p
q and q

p

To solve the problem stated in the Introduction, it is necessary to construct estimates, preferably
with exponentially decreasing bias, for the parametric functions p

q and
q
p , where q ¼ 1� p for two

schemes of Bernoulli trials.
In terms of estimation, the simplest case is an estimation of the parametric function q

p :

q
p
¼ 1� p

p
¼ 1

p
� 1:

From Sec. 2, we already know how to estimate 1
p for both schemes of Bernoulli trials.

In the case of direct binomial sampling, we use statistics cp�1
n ¼ nþ1

nXnþ1
to estimate p�1 with an

exponentially decreasing bias. In the case of inverse binomial sampling, we use statistics cp�1
m ¼

Ym ¼ �=m as an unbiased estimator of p�1:

We proceed with estimation of the parametric function p
q :

Proposition 3.1. In the case of direct binomial sampling, the statistics

dp=qn ¼ nXn

nþ 1� nXn

estimates the parametric functions p
q with an exponentially decreasing bias.

Proof. As we know, the statistic T ¼ nXn has the Binomial distribution B(n, p). Therefore,

Edp=qn ¼ E
nXn

nþ 1� nXn
¼ E

T
nþ 1� T

¼
Xn
k¼0

k
nþ 1� k

n

k

 !
pkqn�k

¼
Xn
k¼1

k
nþ 1� k

n!
k!ðn� kÞ! p

kqn�kfor k ¼ 0 we have zero term

¼
Xn
k¼1

n!
ðk� 1Þ!ðnþ 1� kÞ! p

kqn�k

¼
Xn�1

j¼0

n!
j!ðn� jÞ! p

jþ1qn�j�1make a substitution j ¼ k� 1

¼ p
q

Xn
j¼0

n!
j!ðn� jÞ! p

jqn�j � n!
n!0!

pnq0
" #

¼ p
q

ðpþ qÞn � pn
� � ¼ p

q
ð1� pnÞ:

Therefore, Biasðdp=qnÞ ¼ p
q � Edp=qn ¼ pnþ1

q is decreasing with an exponential rate as n ! 1: w

Table 1. Estimators for the proportion p and the reciprocal p�1 for direct and
inverse sampling schemes.

Proportion p Reciprocal p�1

Direct Sampling Scheme p̂n ¼ X n
cp�1
n ¼ nþ1

nX nþ1

� fp�1
n ¼ 1

X n

Inverse Sampling Scheme p̂m ¼ m�1
mYm�1

cp�1
m ¼ Ym

� epm ¼ 1
Y m
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Proposition 3.2. In the case of inverse binomial sampling, the statistics

dp=qm ¼ m� 1

mYm �mþ 1

estimates the parametric functions p
q with an exponentially decreasing bias.

Proof. As we know, the statistic � ¼ mYm has the Pascal distribution P(m, p). Therefore,

Edp=qm ¼ E
m� 1

mYm �mþ 1
¼ E

m� 1
� �mþ 1

¼ ðm� 1Þ
X1
k¼m

1
k�mþ 1

k� 1

m� 1

 !
pmqk�m

¼ ðm� 1Þpm
X1
i¼0

1
iþ 1

iþm� 1

m� 1

 !
qimake a substitution i ¼ k�m

¼ ðm� 1Þpm
q

X1
i¼0

iþm� 1

m� 1

 !
qiþ1

iþ 1
¼ ðm� 1Þpm

q

X1
i¼0

iþm� 1

m� 1

 !ðq
0
tidt

We can interchange the sum and integral signs by the Fubini-Tornelli theorem

¼ ðm� 1Þpm
q

ðq
0

X1
i¼0

iþm� 1

m� 1

 !
tidt ¼ ðm� 1Þpm

q

ðq
0
ð1� tÞ�mdt

because for any jtj < 1 and natural number m � 1 : ð1� tÞ�m ¼
X1
i¼0

iþm� 1

m� 1

 !
ti;

see, for example Lemma 1, Ngamkham ð2018Þ

¼ ðm� 1Þpm
q

p1�m

m� 1
� 1
m� 1

� �
¼ p

q
� pm

q

Therefore, Biasðdp=qmÞ ¼ p
q � Edp=qm ¼ pm

q is decreasing with an exponential rate as m ! 1: w

To summarize, we present Table 2 for the estimation of p/q and its reciprocal. In Table 2, m
and n are fixed numbers, fX1,X2, :::g and fY1,Y2, :::g are sequences of independent Bernoulli
random variables with the parameter p,T ¼Pn

k¼1 Xk,Xn ¼ T=n, � ¼ minfn :
Pn

k¼1 Yk � mg,
and Ym ¼ �=m:

4. Point estimator for the cross-product ratio

In Table 3, we present all estimators of the cross-product ratio of two proportions q ¼ p1ð1�p2Þ
p2ð1�p1Þ ¼

p1
q1
� q2

p2
for these four possible sampling schemes.

Table 2. Estimators for the parametric functions p
q and

q
p for direct and inverse sampling schemes.

Parametric function
p
q Parametric function

q
p

Direct Sampling Scheme dp=qn ¼ nX n

nþ1�nX n

dq=pn ¼ nþ1
nX nþ1

� 1

�gp=qn ¼ X n

1�X n
�gq=pn ¼ 1

X n
� 1

Edp=qn ¼ p
q � pnþ1

q Edq=pn ¼ q
p � qnþ1

p

Inverse Sampling Scheme dp=qm ¼ m�1
mYm�mþ1

dq=pm ¼ Ym � 1

�gp=qm ¼ 1
Ym�1

Edp=qm ¼ p
q � pm

q Edq=pm ¼ q
p
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Now we find the asymptotic of the mean and variance of logarithms of these estimates using
the standard Delta method.

5. Delta-method

Let gðv1, v2Þ be a differentiable scalar function of two variables. Consider an estimator T ¼
gðV1,V2Þ, which is a function of two other basic statistics V1 and V2. Usually, statistics V1 and
V2 have a simple form and are jointly asymptotically normal. The asymptotic distribution of an
estimator T is found with the help of Delta-method, which is a procedure of stochastic represen-
tation of T with the accuracy OP 1=

ffiffiffi
n

p	 

, where n is the sample size.

By the Delta-method, we expand function g into a Taylor series at the point l1 ¼ EV1 and
l2 ¼ EV2 :

gðV1,V2Þ ¼ gðl1, l2Þ þ
X2
i¼1

@gðl1,l2Þ
@vi

ðVi � liÞ þ Remainder:

It is possible to prove that the remainder term of the expansion converges in probability to

zero with the rate Oð½minfm, ng��1=2Þ as sample sizes m and n tend to infinity. We have that
gðV1,V2Þ � gðl1, l2Þ is asymptotically normal with a mean of zero and variance

E
X2
i¼1

@gðl1, l2Þ
@vi

ðVi � liÞ
" #2

:

Therefore, the test statistics T is asymptotically normal with a mean of gðl1, l2Þ and the variance
of the form that is expressed through the elements of the covariance matrix of basic statistics V1,

V2 and the coefficients @gðl1, l2Þ
@vi

:

For large values of m and n, logarithms of all four estimators of the cross-product ratio q are
differentiable functions of statistics Xn and Ym with finite second moments; therefore, the esti-
mates are asymptotically normal. Our immediate task is to find the asymptotic of the mean and
variance of these logarithmic estimates, for which we explore the standard Delta method
described above. In our case, the method is based on a Taylor series expansion in the neighbor-
hoods of the mean values of the statistics Xn and Ym: It is possible to calculate variances in all
four cases because statistics Xn and Ym are independent.

6. Asymptotic distribution of logarithms of estimates for the cross-product ratio

We consider the following four possible scenarios:

1. Direct-direct. Fix two natural numbers n1 and n2. Let Xðn1Þ ¼ ðX11, :::,X1n1Þ and Xðn2Þ ¼
ðX21, :::,X2n2Þ be two independent sequences of Bernoulli random variables. We know that

Table 3. Estimators of the cross-product ratio of two proportions q ¼ p1ð1�p2Þ
p2ð1�p1Þ and their approximations for all possible combi-

nations of direct and inverse sampling schemes.

Sampling Schemes Second Sample Direct Second Sample Inverse

First Sample q̂n1 , n2 ¼
n1X n1

n1þ1�n1X n1

n2þ1
n2X n2þ1

� 1
� �

q̂n,m ¼ nX n

nþ1�nX n
ðYm � 1Þ

Direct � eqn1 , n2 ¼
X n1

1�X n1

1
X n2

� 1
� �

� eqn,m ¼ X nðY m�1Þ
1�X n

First Sample q̂m, n ¼ m�1
mYm�mþ1

� �
nþ1

nX nþ1
� 1

� �
q̂m1 ,m2

¼ m1�1
m1Y m1�m1þ1

� �
ðYm2 � 1Þ

Inverse � eqm, n ¼ 1
Ym�1

1
X n
� 1

� �
� eqm1 ,m2

¼ Ym2�1

Ym1�1

6 C. SUNGBOONCHOO ET AL.



the sample means for both samples V1 ¼ Xn1 and V2 ¼ Xn2 are asymptotically normal and
jointly approximately normal, because the samples are independent. The form of the function
gðV1,V2Þ is presented in Sec. 6.1. The accuracy of the Delta method, in this case,

is OP 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
minfn1, n2g

p� �
:

2. Direct-inverse. Fix two natural numbers n and m. Let X1, :::,Xn and Y1, :::,Y� be two inde-
pendent sequences of Bernoulli random variables, where � ¼ minfn :

Pn
k¼1 Yk � mg: We

know that the sample mean for the first samples V1 ¼ Xn and statistic V2 ¼ Ym ¼ �=m are
asymptotically normal and jointly approximately normal, because the samples are independ-
ent. The form of the function gðV1,V2Þ is presented in Sec. 6.2. The accuracy of the Delta

method, in this case, is OP 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
minfn,mgp� �

:

3. Inverse-direct. Fix two natural numbers n and m. Let Y1, :::,Y� and X1, :::,Xn be two inde-
pendent sequences of Bernoulli random variables, where � ¼ minfn :

Pn
k¼1 Yk � mg: We

know that the statistic V1 ¼ Ym ¼ �=m and the sample mean for the second samples V2 ¼
Xn are asymptotically normal and jointly approximately normal, because the samples are
independent. The form of the function gðV1,V2Þ is presented in Sec. 6.3. The accuracy of the

Delta method, in this case, is OP 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
minfn,mgp� �

:

4. Inverse-inverse. Fix two natural numbers m1 and m2. Let Y11, :::,Y1�1 and Y21, :::,Y2�2 be two
independent sequences of Bernoulli random variables, where �1 ¼ minfn :

Pn
k¼1 Y1k � m1g

and �2 ¼ minfn :
Pn

k¼1 Y2k � m2g: We know that the statistics V1 ¼ Y 1m ¼ �1=m1 and
V2 ¼ Y 2m ¼ �2=m2 are asymptotically normal and jointly approximately normal, because the
samples are independent. The form of the function gðV1,V2Þ is presented in Sec. 6.4. The

accuracy of the Delta method, in this case, is OP 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
minfm1,m2g

p� �
:

In the following, we see that the normal approximation to estimators log ðeqÞ for all sampling
schemes have the same structure of means and variances:

Asymptotic Mean of log ðeqÞ ¼ log ðqÞ and Asymptotic Variance of log ðeqÞ ¼ s2ðp1, p2Þ:
Remember that (see, for example Propositions 3 and 4, Ngamkham (2018)):
statistic Xn has a mean p and variance pq

n , and is asymptotically normal with these parameters,

statistic Ym has a mean 1=p and variance q
mp2 , and is asymptotically normal with

these parameters.
If we use formulae for q̂, then our expressions for asymptotic variance are cumbersome.

Hence, we use the approximate estimators eq in Delta method derivations.

6.1. Direct-direct sampling scheme

From Table 3, the statistic of interest is

log ðeqn1, n2Þ ¼ log
Xn1

1� Xn1

1

Xn2

� 1
� � !

¼ gddðV1,V2Þ

¼ log ðV1Þ � log ð1� V1Þ þ log ð1� V2Þ � log ðV2Þ,
where V1 ¼ Xn1 and V2 ¼ Xn2 : In this particular case, the function gddðv1, v2Þ ¼ log ðv1Þ �
log ð1� v1Þþ log ð1� v2Þ � log ðv2Þ:

Note that EVi ¼ pi, VarVi ¼ piqi=ni, i ¼ 1, 2 and gddðp1, p2Þ ¼ log ðp1Þ � log ð1� p1Þ þ
log ð1� p2Þ � log ðp2Þ ¼ log q:

COMMUNICATIONS IN STATISTICS - SIMULATION AND COMPUTATIONVR 7



Partial derivatives are:

@gddðv1, v2Þ
@v1

¼ 1
v1

þ 1
1� v1

and
@gddðv1, v2Þ

@v2
¼ � 1

v2
� 1
1� v2

;

thus,

@gddðp1, p2Þ
@v1

¼ 1
p1

þ 1
q1

¼ 1
p1q1

and
@gddðp1, p2Þ

@v2
¼ � 1

p2
� 1
q2

¼ � 1
p2q2

:

Linear term Taylor expansion in the neighborhoods of the mean values of the statistics takes the form:

log eqn1, n2 ¼ gddðV1,V2Þ � log qþ 1
p1q1

ðXn1 � p1Þ � 1
p2q2

ðXn2 � p2Þ:

From this, the estimator log ðeqn1, n2Þ is approximately normal with

Mean ¼ log ðqÞ
and (remember that Xn1 and Xn2 are independent)

Variance ¼ s2 ¼ 1
p21q

2
1

p1q1
n1

þ 1
p22q

2
2

p2q2
n2

¼ p1
q1

ðp�1
1 Þ2=n1 þ p2

q2
ðp�1

2 Þ2=n2:

To obtain the plug-in estimator of the variance, we substitute estimations for p
q and p�1 (see

Tables 1 and 2), namely gp1=q1 ¼ Xn1

1�Xn1

, gp2=q2 ¼ Xn2

1�Xn2

, fp�1
1 ¼ 1

Xn1

, and fp�1
2 ¼ 1

Xn2

, and obtain that

ŝ2 ¼ Xn1

1� Xn1

1

Xn1

� �2

=n1 þ Xn2

1� Xn2

1

Xn2

� �2

=n2

¼ 1

n1Xn1ð1� Xn1Þ
þ 1

n2Xn2ð1� Xn2Þ
:

6.2. Direct-inverse sampling scheme

From Table 3, the statistic of interest is

log ðgqn,mÞ ¼ log
XnðYm � 1Þ

1� Xn

 !
¼ gdiðV1,V2Þ ¼ log ðV1Þ � log ð1� V1Þ þ log ðV2 � 1Þ,

where V1 ¼ Xn and V2 ¼ Ym: In this particular case, the function gdiðv1, v2Þ ¼ log ðv1Þ �
log ð1� v1Þþ log ðv2 � 1Þ:

Note that EV1 ¼ p1, EV2 ¼ 1
p2
, VarV1 ¼ p1q1=n, VarV2 ¼ q2

mp22
and gdi p1, 1

p2

� �
¼ log ðp1Þ �

log ð1� p1Þ þ log 1
p2
� 1

� �
¼ log ðqÞ:

Partial derivatives are:

@gdiðv1, v2Þ
@v1

¼ 1
v1

þ 1
1� v1

and
@gdiðv1, v2Þ

@v2
¼ 1

v2 � 1
;

thus,

@gdi p1, 1
p2

� �
@v1

¼ 1
p1

þ 1
q1

¼ 1
p1q1

and
@gdi p1, 1

p2

� �
@v2

¼ p2
q2

:

Linear term Taylor expansion in the neighborhoods of the mean values of the statistics takes
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the form:

logeqn,m ¼ gdiðV1,V2Þ � log ðqÞ þ 1
p1q1

ðXn � p1Þ þ p2
q2

Ym � 1
p2

� �
:

From this, the estimator log ðeqn,mÞ is approximately normal with

Mean ¼ log ðqÞ
and (remember that Xn and Ym are independent)

Variance ¼ s2 ¼ 1
p21q

2
1

p1q1
n

þ p22
q22

q2
mp22

¼ p1
q1

ðp�1
1 Þ2=nþ p2

q2

� �
p�1
2 =m:

To obtain the plug-in estimator of the variance, we substitute estimations for p
q and p�1 (see

Tables 1 and 2), namely gp1=q1 ¼ Xn

1�Xn
, gp2=q2 ¼ 1

Ym�1
, fp�1

1 ¼ 1
Xn

and fp�1
2 ¼ Ym, and obtain that

ŝ2 ¼ Xn

1� Xn

1

Xn

� �2

=nþ 1

Ym � 1
Ym=m

¼ 1

nXnð1� XnÞ
þ Ym

mðYm � 1Þ :

6.3. Inverse-direct sampling scheme

From Table 3, the statistic of interest is

log ðgqm, nÞ ¼ log
1

Ym � 1

1

Xn
� 1

� �� �
¼ gidðV1,V2Þ ¼ � log ðV1 � 1Þ þ log ð1� V2Þ � log ðV2Þ,

where V1 ¼ Ym and V2 ¼ Xn: In this particular case, the function gidðv1, v2Þ ¼ � log ðv1 � 1Þ þ
log ð1� v2Þ� log ðv2Þ:

Note that EV1 ¼ 1
p1
, EV2 ¼ p2, VarV1 ¼ q1

mp21
, VarV2 ¼ p2q2=n and gid 1

p1
, p2

� �
¼

� log 1
p1
� 1

� �
þ log ð1� p2Þ � log ðp2Þ ¼ log ðqÞ:

Partial derivatives are:

@gidðv1, v2Þ
@v1

¼ � 1
v1 � 1

and
@gidðv1, v2Þ

@v2
¼ � 1

1� v2
� 1
v2
;

thus,

@gid 1
p1
, p2

� �
@v1

¼ � 1
1
p1
� 1

¼ � p1
q1

and
@gid 1

p1
, p2

� �
@v2

¼ � 1
q2

� 1
p2

¼ � 1
p2q2

:

Linear term Taylor expansion in the neighborhoods of the mean values of the statistics takes
the form:

logeqm, n ¼ gidðV1,V2Þ � log ðqÞ � p1
q1

Ym � 1
p1

� �
� 1
p2q2

ðXn � p2Þ:

From this, the estimator log ðeqm, nÞ is approximately normal with

Mean ¼ log ðqÞ
and (remember that Ym and Xn are independent)
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Variance ¼ s2 ¼ p1
q1

� �2 q1
mp21

þ 1
p2q2

� �2 p2q2
n

¼ p1
q1

� �
p�1
1 =mþ p2

q2
p�1
2

	 
2
=n:

To obtain the plug-in estimator of the variance, we substitute estimations for p
q and p�1 (see

Tables 1 and 2), namely gp1=q1 ¼ 1
Ym�1

, fp�1
1 ¼ Ym, gp2=q2 ¼ Xn

1�Xn
, and fp�1

2 ¼ 1
Xn

, and obtain that

ŝ2 ¼ 1

ðYm � 1ÞYm=mþ Xn

1� Xn

1

Xn

� �2

=n

¼ Ym

mðYm � 1Þ þ
1

nXnð1� XnÞ
:

6.4. Inverse-inverse sampling scheme

From Table 3, the statistic of interest is

log eqm1,m2
¼ log

Ym2 � 1

Ym1 � 1

 !
¼ giiðV1,V2Þ ¼ log ðV2 � 1Þ � log ðV1 � 1Þ,

where V1 ¼ Ym1 and V2 ¼ Ym2 : In this particular case, the function giiðv1, v2Þ ¼ log ðv2 �
1Þ� log ðv1 � 1Þ:

Note that EVi ¼ 1
pi
, VarVi ¼ qi

mip2i
, i ¼ 1, 2 and gii 1

p1
, 1
p2

� �
¼ log 1

p2
� 1

� �
� log 1

p1
� 1

� �
¼ log q:

Partial derivatives are:

@giiðv1, v2Þ
@v1

¼ � 1
v1 � 1

and
@giiðv1, v2Þ

@v2
¼ 1

v2 � 1
;

thus,

@gii 1
p1
, 1
p2

� �
@v1

¼ � p1
q1

and
@gii 1

p1
, 1
p2

� �
@v2

¼ p2
q2

:

Linear term Taylor expansion in the neighborhoods of the mean values of the statistics takes
the form:

logeqm1,m2
¼ giiðV1,V2Þ � log q� p1

q1

� �
Ym1 �

1
p1

� �
þ p2
q2

Ym2 �
1
p2

� �
:

From this, the estimator log ðeqm1,m2
Þ is approximately normal with

Mean ¼ log ðqÞ
and (remember that Ym1 and Ym2 are independent)

Variance ¼ s2 ¼ p1
q1

� �2 q1
m1p21

þ p2
q2

� �2 q2
m2p22

¼ p1
q1

� �
ðp�1

1 Þ=m1 þ p2
q2

� �
ðp�1

2 Þ=m2:

To obtain the plug-in estimator of the variance, we substitute estimations for p
q and p�1 (see

Tables 1 and 2), namely gp1=q1 ¼ 1
Ym1�1

, gp2=q2 ¼ 1
Ym2�1

, fp�1
1 ¼ Ym1 , and fp�1

2 ¼ Ym2 , and obtain

that
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ŝ2 ¼ 1

Ym1 � 1
Ym1=m1 þ 1

Ym2 � 1
Ym2=m2

¼ Ym1

m1ðYm1 � 1Þ þ
Ym2

m2ðYm2 � 1Þ :

Plug-in estimators of the asymptotic variance s2ðp1, p2Þ are presented in Table 4.

7. Confidence limits for logarithmic interval

As mentioned, for all sampling schemes, the normal approximations for estimators log ðeqÞ show
that means and variances have the same structure: Mean ¼ log ðqÞ and Variance ¼ s2ðp1, p2Þ:

If the sample sizes in both sampling schemes tend to infinity, then using the inequity

j log q� log q̂j � za=2sðp1, p2Þ,
(where za=2 is ð1� a=2Þ-quantile of the standard normal distribution) and replacing s2ðp1, p2Þ by
its estimators that correspond to sampling schemes presented in Table 4, gives us the following
end points for an asymptotically ð1� aÞ-confidence interval for the cross-product ratio q:

q̂ exp f7za=2ŝg: (1)

7.1. Direct-direct sampling scheme

When both samples are obtained by a direct sampling scheme with sample sizes n1 and n2, then,
according to Tables 3 and 4:

q̂n1, n2 ¼
n1Xn1

n1 þ 1� n1Xn1

n2 þ 1

n2Xn2 þ 1
� 1

� �
and

ŝ2 ¼ 1

n1Xn1ð1� Xn1Þ
þ 1

n2Xn2ð1� Xn2Þ
:

Hence, the asymptotic n1, n2 ! 1 confidence interval (1) based on the relative frequencies Xn1

and Xn2 of successes (sample means) in each sample can be written as

n1Xn1

n1 þ 1� n1Xn1

n2 þ 1

n2Xn2 þ 1
� 1

� �
exp 7za=2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

n1Xn1ð1� Xn1Þ
þ 1

n2Xn2ð1� Xn2Þ

s8<:
9=;: (2)

Table 5 contains some simulation results. For each pair (n1, n2) of sample sizes and values (p1,
p2) of success probabilities, we present the Monte-Carlo estimations of the coverage probability,
mean width, and standard deviation of the width for the confidence interval (2). The nominal
level is assumed to be 0.95.

The logarithmic interval (Table 5) has good coverage probability with an error less than 0.01
in most of the cases.

Table 4. Plug-in estimators of the variance component of estimators s2ðp1, p2Þ for all possible
combinations of direct and inverse sampling schemes.

Sampling Schemes Second Sample Direct Second Sample Inverse

First Sample Direct 1
n1ð1�X n1 ÞX n1

þ 1
n2ð1�X n2 ÞX n2

1
nX nð1�X nÞ þ

Ym

mðY m�1Þ

First Sample Inverse Y m

mðYm�1Þ þ 1
nX nð1�X nÞ

Ym1

m1ðY m1�1Þ þ
Y m2

m2ðYm2�1Þ

COMMUNICATIONS IN STATISTICS - SIMULATION AND COMPUTATIONVR 11



Table 6 shows that, for n1, n2 � 50 and p1, p2 � 0:05, except for n2 ¼ 50, p2 ¼ 0:05 and n1 ¼
50, p1 ¼ 0:05, the logarithmic interval has good coverage probability even for small values of suc-
cess probabilities, but its accuracy properties in this region are poor.

7.2. Direct-inverse sampling scheme

When the first sample is obtained by the direct sampling scheme with sample size n and the
second sample is obtained by the inverse sampling scheme with the number of successes m, then,
according to Tables 3 and 4:

q̂n,m ¼ nXn

nþ 1� nXn
ðYm � 1Þ and

ŝ2 ¼ 1

nXnð1� XnÞ
þ Ym

mðYm � 1Þ :

Hence the asymptotic n,m ! 1 confidence interval (1) based on Xn and Ym can be written as

nXn

nþ 1� nXn
ðYm � 1Þ exp 7za=2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

nXnð1� XnÞ
þ Ym

mðYm � 1Þ

s8<:
9=;: (3)

In Table 7, we provide the results of statistical modeling. For each pair (n, m) of sample sizes
and values (p1, p2) of success probabilities, we present the Monte-Carlo estimations of the cover-
age probability, mean width, and standard deviation of the width for the confidence interval (3).
The nominal level is assumed to be 0.95.

The logarithmic interval (Table 7) has high correspondence for coverage probability to the
nominal, but its precision properties region are not satisfactory. This confidence interval can be

Table 5. Coverage probability, width, and standard deviation for logarithmic CI (2).

n2 20 50 100

n1 p1 \ p2 0.2 0.5 0.8 0.2 0.5 0.8 0.2 0.5 0.8

0.952 0.956 0.957 0.970 0.967 0.959 0.971 0.970 0.969
0.2 5.26 0.972 0.277 3.475 0.773 0.208 3.006 0.710 0.186

6.040 0.691 0.178 2.412 0.388 0.108 1.492 0.309 0.085
0.941 0.952 0.961 0.955 0.952 0.955 0.956 0.960 0.959

20 0.5 18.624 3.346 0.968 11.838 2.556 0.706 9.916 2.322 0.614
22.755 2.621 0.686 9.810 1.613 0.461 6.402 1.431 0.379
0.903 0.941 0.950 0.939 0.934 0.939 0.935 0.937 0.940

0.8 95.361 18.769 5.225 68.765 15.663 4.143 61.079 14.685 3.795
140.072 22.940 6.088 85.213 17.834 4.687 70.067 16.493 4.261
0.938 0.954 0.960 0.959 0.955 0.956 0.957 0.956 0.955

0.2 4.140 0.705 0.208 2.422 0.504 0.142 1.933 0.439 0.119
4.682 0.463 0.108 1.628 0.208 0.059 0.817 0.147 0.042
0.934 0.953 0.968 0.952 0.954 0.956 0.951 0.949 0.953

50 0.5 15.521 2.568 0.771 8.709 1.758 0.505 6.645 1.481 0.407
17.617 1.631 0.383 6.316 0.749 0.208 2.942 0.537 0.150
0.939 0.956 0.970 0.946 0.951 0.959 0.949 0.953 0.955

0.8 68.947 11.813 3.501 41.637 8.731 2.432 33.442 7.705 2.059
84.318 9.437 2.501 36.558 6.572 1.696 24.246 5.480 1.442
0.940 0.958 0.968 0.955 0.953 0.955 0.952 0.952 0.948

0.2 3.805 0.613 0.186 2.066 0.407 0.119 1.532 0.335 0.094
4.269 0.383 0.085 1.457 0.150 0.042 0.601 0.097 0.028
0.936 0.959 0.970 0.953 0.947 0.956 0.949 0.953 0.952

100 0.5 14.737 2.320 0.711 7.717 1.477 0.441 5.511 1.175 0.335
16.584 1.392 0.308 5.734 0.539 0.148 2.198 0.341 0.097
0.937 0.956 0.970 0.950 0.951 0.958 0.949 0.949 0.953

0.8 61.385 9.928 3.008 33.391 6.659 1.929 25.051 5.514 1.530
70.291 6.533 1.501 24.078 2.979 0.811 11.760 2.202 0.603
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recommended for the practical applications for values of p1 � 0:1 (see also Table 8) with sample
size n � 100 for all values of the parameters of the second sample. Also it can be recommended
for all p1, p2 � 0:05, if n � 200:

7.3. Inverse-direct sampling scheme

When the first sample is obtained by the inverse sampling scheme with the number of successes
m, and the second sample is obtained by the direct sampling scheme with sample size n, then,
according to Tables 3 and 4:

q̂m, n ¼
m� 1

mYm �mþ 1

� �
nþ 1

nXn þ 1
� 1

� �
and

ŝ2 ¼ Ym

mðYm � 1Þ þ
1

nXnð1� XnÞ
:

Hence, the asymptotic m, n ! 1 confidence interval (1) based on Ym and Xn can be written as

m� 1

mYm �mþ 1

� �
nþ 1

nXn þ 1
� 1

� �
exp 7za=2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ym

mðYm � 1Þ þ
1

nXnð1� XnÞ

s8<:
9=;: (4)

In Table 9, we provide the results of statistical modeling. For each pair (m, n) of number of
successes and sample size, and values (p1, p2) of success probabilities, we present the Monte-
Carlo estimations of the coverage probability, mean width, and standard deviation of the width
for the confidence interval (4). The nominal level is assumed to be 0.95.

Precision properties of the logarithmic interval (4) (Table 9) show that the coverage probability
is still within the acceptable error 0.01. The accuracy and reliability properties of this interval for

Table 6. Coverage probability, width, and standard deviation for logarithmic CI (2) for small probabilities.

n2 20 50 100

n1 p1 \ p2 0.05 0.1 0.15 0.05 0.1 0.15 0.05 0.1 0.15

0.411 0.563 0.614 0.589 0.629 0.626 0.629 0.624 0.615
0.05 3.158 3.078 2.323 6.925 3.408 1.892 7.105 2.778 1.639

4.650 4.043 3.169 9.088 4.623 2.195 9.515 2.785 1.466
0.553 0.765 0.842 0.811 0.869 0.870 0.869 0.861 0.860

20 0.1 5.645 5.402 4.072 12.215 5.775 3.171 12.065 4.539 2.673
6.905 5.851 4.627 13.207 6.544 3.043 13.705 3.383 1.629
0.585 0.812 0.908 0.879 0.950 0.950 0.951 0.952 0.946

0.2 8.102 7.746 5.743 17.391 7.948 4.276 16.703 6.113 3.527
9.426 8.005 6.313 18.140 8.820 3.982 18.566 4.524 1.946
0.568 0.797 0.882 0.848 0.916 0.914 0.913 0.908 0.904

0.05 2.461 2.344 1.743 5.265 2.436 1.304 5.069 1.873 1.081
2.840 2.402 1.879 5.399 2.682 1.173 5.521 1.309 0.573
0.576 0.822 0.917 0.882 0.967 0.972 0.965 0.970 0.972

50 0.1 4.397 4.170 3.060 9.248 4.069 2.093 8.497 2.929 1.649
4.813 4.067 3.224 9.157 4.537 1.853 9.352 2.073 0.794
0.566 0.824 0.908 0.869 0.962 0.965 0.958 0.960 0.963

0.2 6.615 6.159 4.487 13.625 5.885 2.989 12.228 4.031 2.241
7.045 5.917 4.716 13.445 6.570 2.843 13.786 2.821 1.082
0.579 0.836 0.922 0.886 0.965 0.974 0.964 0.975 0.973

0.05 2.077 1.956 1.425 4.333 1.889 0.978 3.983 1.354 0.764
2.239 1.876 1.482 4.270 2.082 0.871 4.407 0.930 0.365
0.560 0.827 0.913 0.869 0.953 0.962 0.952 0.959 0.961

100 0.1 3.951 3.711 2.673 8.175 3.452 1.709 7.121 2.281 1.243
4.142 3.486 2.758 7.928 3.927 1.641 8.081 1.672 0.589
0.560 0.817 0.910 0.863 0.947 0.954 0.944 0.960 0.956

0.2 6.093 5.697 4.073 12.424 5.159 2.511 10.739 3.296 1.772
6.263 5.274 4.176 11.941 5.860 2.380 12.237 2.337 0.838
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Table 7. Coverage probability, width, and standard deviation for logarithmic CI (3).

m 20 50 100

n p1 \ p2 0.2 0.5 0.8 0.2 0.5 0.8 0.2 0.5 0.8

0.967 0.962 0.954 0.969 0.968 0.962 0.970 0.969 0.968
0.2 2.973 0.797 0.255 2.757 0.711 0.200 2.680 0.679 0.181

1.380 0.399 0.146 1.125 0.305 0.097 1.022 0.268 0.079
0.956 0.952 0.962 0.961 0.958 0.957 0.962 0.960 0.957

20 0.5 9.794 2.674 0.883 8.931 2.313 0.668 8.622 2.204 0.593
5.969 1.684 0.573 5.612 1.368 0.423 5.023 1.304 0.354
0.936 0.938 0.951 0.937 0.936 0.940 0.937 0.937 0.938

0.8 60.524 15.995 4.883 57.285 14.647 3.991 55.967 14.265 3.729
68.535 18.009 5.502 64.081 16.383 4.470 62.263 16.045 4.191
0.953 0.952 0.956 0.958 0.955 0.952 0.960 0.958 0.955

0.2 1.899 0.532 0.188 1.654 0.438 0.133 1.571 0.406 0.114
0.698 0.211 0.084 0.494 0.142 0.050 0.424 0.116 0.038
0.948 0.950 0.966 0.953 0.949 0.954 0.954 0.955 0.952

50 0.5 6.540 1.870 0.689 5.484 1.477 0.468 5.112 1.332 0.387
2.539 0.753 0.296 1.854 0.523 0.178 1.640 0.435 0.138
0.952 0.953 0.969 0.954 0.954 0.963 0.954 0.955 0.957

0.8 33.012 9.166 3.167 29.250 7.706 2.291 27.824 7.189 1.990
23.503 6.633 2.119 20.743 5.767 1.558 19.857 5.047 1.447
0.948 0.952 0.963 0.952 0.951 0.954 0.953 0.952 0.952

0.2 1.498 0.437 0.165 1.222 0.334 0.109 1.120 0.295 0.088
0.477 0.148 0.062 0.302 0.090 0.034 0.241 0.068 0.024
0.948 0.951 0.966 0.950 0.948 0.957 0.951 0.951 0.954

100 0.5 5.371 1.607 0.626 4.179 1.170 0.400 3.732 1 0.312
1.672 0.527 0.220 1.069 0.316 0.119 0.869 0.243 0.083
0.950 0.953 0.970 0.952 0.952 0.960 0.953 0.953 0.953

0.8 24.508 7.133 2.673 20.204 5.504 1.778 18.630 4.904 1.445
9.921 2.951 1.130 7.755 2.139 0.700 7.001 1.846 0.553

Table 8. Coverage probability, width, and standard deviation for logarithmic CI (3) for small probabilities.

m 20 50 100

n p1 \ p2 0.05 0.1 0.15 0.05 0.1 0.15 0.05 0.1 0.15

0.611 0.613 0.613 0.611 0.611 0.615 0.615 0.612 0.614
0.05 5.274 2.514 1.589 5.078 2.412 1.527 5.005 2.368 1.502

4.402 2.098 1.330 4.049 1.927 1.213 3.926 1.868 1.178
0.858 0.855 0.856 0.854 0.855 0.853 0.850 0.849 0.851

20 0.1 8.491 4.042 2.552 8.077 3.839 2.411 7.938 3.754 2.377
4.472 2.160 1.370 3.900 1.859 1.180 3.726 1.767 1.116
0.942 0.941 0.941 0.942 0.941 0.941 0.939 0.939 0.939

0.15 11.133 5.293 3.361 10.505 4.979 3.149 10.299 4.870 3.077
5.087 2.454 1.571 4.229 2.023 1.286 3.963 1.881 1.195
0.898 0.899 0.898 0.894 0.894 0.894 0.893 0.893 0.893

0.05 3.415 1.630 1.033 3.223 1.530 0.966 3.159 1.500 0.945
1.501 0.722 0.463 1.248 0.595 0.379 1.159 0.551 0.348
0.967 0.966 0.967 0.969 0.969 0.968 0.969 0.9698 0.968

50 0.1 5.082 2.427 1.537 4.676 2.218 1.406 4.537 2.157 1.360
1.845 0.894 0.571 1.384 0.663 0.426 1.228 0.585 0.373
0.959 0.958 0.958 0.963 0.963 0.962 0.963 0.963 0.963

0.15 6.793 3.250 2.062 6.141 2.910 1.846 5.900 2.805 1.769
2.429 1.175 0.754 1.796 0.852 0.550 1.574 0.750 0.475
0.966 0.965 0.966 0.966 0.967 0.968 0.966 0.965 0.965

0.05 2.343 1.121 0.710 2.152 1.021 0.645 2.083 0.989 0.624
0.801 0.389 0.249 0.585 0.278 0.177 0.505 0.241 0.153
0.954 0.954 0.954 0.957 0.958 0.958 0.959 0.959 0.959

100 0.1 3.686 1.765 1.126 3.247 1.544 0.980 3.089 1.467 0.927
1.196 0.581 0.374 0.821 0.394 0.253 0.682 0.328 0.208
0.949 0.950 0.951 0.954 0.954 0.953 0.955 0.954 0.955

0.15 5.145 2.470 1.580 4.395 2.093 1.328 4.123 1.960 1.239
1.624 0.786 0.508 1.074 0.515 0.332 0.878 0.422 0.268
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small values of p1 and p2 are presented in Table 10. According to these results, for small values
of success probabilities, it is possible to recommend the logarithmic interval for the sample sizes
of the second sample n ¼ 50, p2 � 0:1 and n � 100, p2 � 0:05:

7.4. Inverse-inverse sampling scheme

When both samples are obtained by the inverse sampling scheme with the number of successes
m1 and m2, then, according to Tables 3 and 4:

q̂m1,m2
¼ m1 � 1

m1Ym1 �m1 þ 1

� �
ðYm2 � 1Þ and

ŝ2 ¼ Ym1

m1ðYm1 � 1Þ þ
Ym2

m2ðYm2 � 1Þ :

Hence, the asymptotic m1,m2 ! 1 confidence interval (1) based on Ym1 and Ym2 can be written as

m1 � 1

m1Ym1 �m1 þ 1

� �
ðYm2 � 1Þ exp 7za=2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ym1

m1ðYm1 � 1Þ þ
Ym2

m2ðYm2 � 1Þ

s8<:
9=;: (5)

In Table 11, we provide the results of statistical modeling. For each pair (m1, m2) of numbers
of successes and values (p1, p2) of success probabilities, we present the Monte-Carlo estimations
of the coverage probability, mean width, and standard deviation of the width for the confidence
interval (5). The nominal level is assumed to be 0.95.

Table 11 shows the precise correspondence of the coverage probability to the nominal for the
asymptotic confidence interval (5), except in the cases m2 ¼ 20, p2 ¼ 0:8 and m1 ¼ 20, p1 ¼ 0:8:

Table 9. Coverage probability, width, and standard deviation for CI (4).

n 20 50 100

m p1 \ p2 0.2 0.5 0.8 0.2 0.5 0.8 0.2 0.5 0.8

0.936 0.956 0.969 0.950 0.949 0.954 0.947 0.948 0.949
0.2 3.818 0.616 0.186 2.073 0.411 0.119 1.543 0.338 0.094

4.352 0.399 0.090 1.484 0.173 0.048 0.684 0.122 0.034
0.934 0.954 0.970 0.949 0.951 0.956 0.950 0.952 0.953

20 0.5 16.308 2.754 0.820 9.487 1.956 0.552 7.472 1.690 0.459
19.088 2.218 0.515 7.593 1.127 0.306 4.552 0.974 0.252
0.920 0.942 0.960 0.931 0.933 0.945 0.935 0.934 0.933

0.8 89.014 17.067 4.83 62.722 13.964 3.756 54.760 13.132 3.383
129.609 21.044 5.538 79.098 16.021 4.310 63.799 15.194 3.880
0.938 0.960 0.970 0.955 0.953 0.957 0.950 0.950 0.952

0.2 3.592 0.558 0.172 1.838 0.343 0.104 1.266 0.262 0.076
4.025 0.352 0.070 1.405 0.118 0.032 0.491 0.070 0.020
0.934 0.958 0.970 0.952 0.951 0.957 0.952 0.950 0.954

50 0.5 14.636 2.334 0.713 7.719 1.490 0.441 5.557 1.183 0.336
16.565 1.417 0.315 5.597 0.572 0.156 2.315 0.379 0.105
0.934 0.957 0.973 0.947 0.955 0.960 0.949 0.952 0.957

0.8 66.121 11.239 3.319 38.796 8.046 2.271 30.822 6.985 1.889
79.966 9.138 2.233 33.627 5.766 1.546 22.1 4.814 1.285
0.935 0.962 0.969 0.954 0.955 0.959 0.953 0.950 0.954

0.2 3.505 0.539 0.167 1.750 0.319 0.098 1.168 0.233 0.070
3.914 0.318 0.064 1.284 0.102 0.027 0.437 0.055 0.015
0.936 0.963 0.970 0.956 0.952 0.959 0.952 0.950 0.952

100 0.5 14.283 2.204 0.682 7.181 1.337 0.406 4.907 1.006 0.296
15.970 1.339 0.271 5.093 0.454 0.120 1.889 0.263 0.073
0.935 0.958 0.970 0.953 0.948 0.957 0.951 0.951 0.953

0.8 59.998 9.604 2.926 32.146 6.315 1.851 23.641 5.132 1.443
68.037 6.076 1.389 23.452 2.712 0.734 10.701 1.951 0.537
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The results for small probabilities of success in Table 12 have the coverage probability close to
the nominal.

8. Comparison of logarithmic confidence estimator accuracy for different
sampling schemes

For the inverse binomial sampling scheme with parameters (p, m), the mean sample size is
Eð�Þ ¼ m=p: If the observations are obtained in the direct sampling scheme with the same prob-
ability p of success and sample size n ¼ m=p, then, on average, it is equivalent to the inverse
sampling scheme in terms of the experimental cost. The variance of the estimator eqm1,m2

coin-
cides with the variance of the estimator eqn1, n2 , if m1 ¼ n1p1 and m2 ¼ n2p2: Therefore, the dir-
ect-direct and inverse-inverse schemes are equivalent in the same sense regarding asymptotic
precision of the cross-product ratio estimation. The same conclusion is true for all pairs of sam-
pling schemes with the corresponding substitution of m by np.

For example, let us compare the characteristics of the logarithmic confidence interval for the
direct-direct sampling scheme with sample sizes n1 ¼ n2 ¼ 100 with similar characteristics for
different sampling schemes. Let the values of probabilities take the values p1 ¼ 0:8 and p2 ¼ 0:4:
If we choose n ¼ 100,m ¼ n2p2 ¼ 40 in the direct-inverse scheme, m ¼ n1 � p1 ¼ 80, n ¼ n2 ¼
100 in the inverse-direct, and m1 ¼ n1p1 ¼ 80,m2 ¼ n2p2 ¼ 40 in the inverse-inverse sampling
schemes, then all sampling schemes can be considered as equivalent” on average” with respect to
the cost for observations.

We use this fact when comparing an estimator accuracy for different sampling schemes.
In the previous section, we provided the analysis of precision and reliability properties of three

kinds of logarithmic confidence intervals for each of four possible combinations of sampling

Table 10. Coverage probability, width, and standard deviation for CI (4) for small probabilities.

n 20 50 100

m p1 \ p2 0.05 0.1 0.15 0.05 0.1 0.15 0.05 0.1 0.15

0.561 0.812 0.903 0.857 0.941 0.951 0.942 0.952 0.949
0.05 1.762 1.643 1.183 3.572 1.471 0.702 3.052 0.913 0.480

1.801 1.520 1.220 3.438 1.697 0.684 3.516 0.685 0.238
0.567 0.811 0.904 0.860 0.943 0.952 0.940 0.952 0.949

20 0.1 3.760 3.460 2.494 7.604 3.114 1.508 6.467 1.961 1.026
3.824 3.211 2.573 7.321 3.581 1.498 7.498 1.511 0.528
0.565 0.813 0.902 0.862 0.942 0.951 0.942 0.951 0.949

0.15 6.010 5.561 3.986 12.165 5 2.403 10.357 3.162 1.659
6.143 5.161 4.140 11.782 5.787 2.402 12.050 2.499 0.852
0.568 0.811 0.902 0.857 0.941 0.953 0.940 0.954 0.954

0.05 1.716 1.582 1.124 3.443 1.384 0.647 2.870 0.816 0.413
1.687 1.416 1.136 3.231 1.601 0.638 3.335 0.629 0.194
0.566 0.810 0.904 0.859 0.942 0.952 0.939 0.953 0.950

50 0.1 3.627 3.346 2.383 7.262 2.960 1.372 6.093 1.725 0.881
3.577 3.001 2.394 6.807 3.441 1.380 7.057 1.255 0.421
0.565 0.811 0.905 0.860 0.942 0.951 0.940 0.952 0.951

0.15 5.736 5.304 3.802 11.599 4.681 2.185 9.740 2.758 1.405
5.683 4.765 3.827 10.896 5.415 2.208 11.359 2.051 0.665
0.565 0.814 0.904 0.853 0.942 0.952 0.938 0.953 0.954

0.05 1.697 1.553 1.112 3.391 1.355 0.626 2.807 0.784 0.390
1.655 1.379 1.113 3.168 1.566 0.612 3.268 0.605 0.184
0.567 0.813 0.904 0.855 0.940 0.952 0.939 0.954 0.953

100 0.1 3.579 3.296 2.355 7.129 2.872 1.329 5.908 1.663 0.826
3.489 2.927 2.358 6.667 3.342 1.343 6.861 1.317 0.387
0.567 0.813 0.903 0.855 0.941 0.952 0.939 0.952 0.952

0.15 5.694 5.238 3.742 11.373 4.567 2.118 9.420 2.643 1.318
5.560 4.658 3.750 10.618 5.290 2.100 10.931 2.043 0.623
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Table 11. Coverage probability, width, and standard deviation for CI (5).

m2 20 50 100

m1 p1 \ p2 0.2 0.5 0.8 0.2 0.5 0.8 0.2 0.5 0.8

0.946 0.949 0.965 0.948 0.949 0.955 0.949 0.948 0.950
0.2 1.513 0.440 0.166 1.239 0.338 0.110 1.138 0.300 0.089

0.574 0.172 0.069 0.415 0.117 0.041 0.364 0.098 0.031
0.949 0.951 0.968 0.953 0.953 0.957 0.953 0.953 0.954

20 0.5 7.345 2.067 0.738 6.367 1.694 0.517 6.015 1.559 0.439
4.068 1.172 0.412 3.534 0.985 0.293 3.249 0.871 0.243
0.935 0.941 0.958 0.934 0.935 0.942 0.935 0.933 0.933

0.8 54.758 14.444 4.502 51.189 13.072 3.601 50.030 12.621 3.333
63.389 16.592 5.082 59.016 15.108 4.124 57.821 14.705 3.823
0.947 0.953 0.966 0.947 0.950 0.957 0.949 0.948 0.952

0.2 1.227 0.375 0.151 0.907 0.261 0.093 0.780 0.215 0.070
0.352 0.112 0.049 0.209 0.062 0.025 0.161 0.046 0.016
0.948 0.952 0.968 0.950 0.949 0.958 0.950 0.951 0.952

50 0.5 5.406 1.613 0.630 4.226 1.178 0.402 3.779 1.012 0.313
1.816 0.558 0.228 1.251 0.357 0.127 1.077 0.289 0.093
0.952 0.956 0.972 0.955 0.954 0.958 0.954 0.954 0.957

0.8 30.271 8.529 2.999 26.404 6.984 2.130 24.916 6.455 1.815
20.657 5.890 1.938 18.612 4.813 1.407 17.398 4.555 1.253
0.948 0.954 0.965 0.950 0.952 0.957 0.948 0.950 0.953

0.2 1.124 0.352 0.147 0.779 0.232 0.088 0.630 0.180 0.064
0.288 0.093 0.042 0.147 0.046 0.020 0.101 0.030 0.012
0.948 0.954 0.966 0.949 0.950 0.957 0.949 0.949 0.953

100 0.5 4.756 1.467 0.599 3.436 1 0.366 2.905 0.807 0.271
1.327 0.421 0.185 0.762 0.230 0.092 0.587 0.168 0.061
0.949 0.954 0.969 0.951 0.952 0.958 0.953 0.953 0.955

0.8 23.153 6.803 2.602 18.598 5.109 1.692 16.894 4.478 1.352
8.993 2.675 1.045 6.742 1.864 0.628 6.068 1.608 0.484

Table 12. Coverage probability, width, and standard deviation for CI (5) for small probabilities.

m2 20 50 100

m1 p1 \ p2 0.05 0.1 0.15 0.05 0.1 0.15 0.05 0.1 0.15

0.944 0.944 0.945 0.946 0.946 0.946 0.947 0.946 0.947
0.05 1.362 0.655 0.419 1.119 0.533 0.339 1.026 0.489 0.310

0.463 0.223 0.143 0.324 0.155 0.099 0.277 0.133 0.084
0.943 0.944 0.944 0.947 0.947 0.946 0.948 0.948 0.947

20 0.1 2.930 1.408 0.901 2.412 1.154 0.733 2.229 1.062 0.671
1.030 0.496 0.319 0.726 0.351 0.224 0.634 0.302 0.193
0.944 0.945 0.944 0.948 0.946 0.946 0.947 0.949 0.947

0.15 4.741 2.282 1.453 3.947 1.886 1.192 3.650 1.735 1.100
1.709 0.826 0.527 1.250 0.605 0.378 1.103 0.521 0.335
0.946 0.946 0.946 0.950 0.949 0.948 0.949 0.948 0.948

0.05 1.114 0.540 0.348 0.826 0.397 0.254 0.711 0.340 0.216
0.303 0.147 0.095 0.172 0.083 0.053 0.130 0.062 0.040
0.944 0.946 0.946 0.948 0.949 0.947 0.948 0.949 0.949

50 0.1 2.378 1.150 0.740 1.772 0.852 0.544 1.533 0.732 0.466
0.659 0.317 0.206 0.379 0.183 0.118 0.291 0.139 0.089
0.945 0.945 0.947 0.946 0.946 0.948 0.948 0.950 0.948

0.15 3.813 1.843 1.187 2.860 1.372 0.877 2.485 1.188 0.756
1.068 0.517 0.333 0.630 0.304 0.195 0.488 0.233 0.150
0.947 0.945 0.949 0.947 0.950 0.949 0.949 0.950 0.950

0.05 1.027 0.498 0.322 0.711 0.343 0.221 0.577 0.277 0.177
0.255 0.125 0.080 0.126 0.061 0.040 0.085 0.041 0.026
0.947 0.946 0.948 0.949 0.948 0.948 0.949 0.949 0.949

100 0.1 2.174 1.055 0.682 1.514 0.731 0.469 1.235 0.593 0.379
0.543 0.265 0.171 0.273 0.133 0.085 0.185 0.089 0.057
0.946 0.945 0.947 0.948 0.947 0.950 0.949 0.949 0.949

0.15 3.483 1.685 1.090 2.433 1.173 0.754 1.992 0.957 0.611
0.878 0.426 0.276 0.446 0.216 0.139 0.305 0.147 0.095
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schemes. Which sampling scheme is best in connection with the situation at hand remains to
be answered.

In order to support our further recommendations in the best way, we constructed an add-
itional summary table in which the confidence probabilities of linear and logarithmic confidence
intervals for different sampling schemes are compared for the same sample sizes.

As mentioned above, the expected tendency of the confidence intervals to become more pre-
cise and accurate when sample sizes increases is observed. This is also true when success prob-
ability in each of two samples increasing.

Simulation results show that all sampling schemes have practically identical coverage probabil-
ity for the logarithmic confidence interval. The best accuracy from the coverage probability point
of view occurs with the inverse-inverse sampling scheme. The worst sampling scheme that pos-
sesses the smallest coverage probability appears to be the scheme of two independent samples
where the first is obtained with the inverse sampling scheme and the second by direct.

To support these findings, we present a table of typical values of the coverage probability for
all four sampling schemes and two types of confidence intervals (linear and logarithmic). We
remind readers that we choose n1 ¼ n2 ¼ 100, p1 ¼ 0:8 and p2 ¼ 0:4 (Table 13).

9. Concluding remarks and further research

As we can see from the simulation results presented in Sungboonchoo et al.. (2021), in some
cases the linear confidence intervals for the cross-product ratio coefficient have a confidence level
lower than nominal. In this article we show that this deficiency may be resolved by considering
the logarithmic confidence intervals. Consideration of accuracy and reliability properties of the
point estimators for the cross product ratio is also an interesting problem.
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